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A group, G, is an index two simple group if G is a finite simple group whose 
order is of the form pm where p is a prime, (p, m) = 1, and the index of a Sylow 
p-subgroup in its normalizer is 2. In this paper the theory of index two simple 
groups is developed and applied. In particular index two simple groups are 
shown to have exactly one conjugacy class of involutions and a sharp bound 
for the order of such a group is found as a function of the degree, n, of a non- 
identity ordinary irreducible character in the principal p-block. It is shown that 
the only index two simple groups with R Q 25 are PSL(2, 5), PSL(2, 7), 
PSL(2, S), PSL(2,9), PSL(2, ll), PSL(2, 13), PSL(2, 16), PSL(2,23) and 
PSL(2, 25). 
1. INTRODUCTION 
1.1 
An index two simple group is a finite simple group, G, whose order is of 
the form pm, p a prime, (p, m) = 1, so that the index of a Sylow p-subgroup 
of G in its normalizer is two. The author [l] has classified the index two 
simple groups in which the primes dividing m are elements of the set (2, 3, 
5, 7). In this paper index two simple groups are considered with no restrictions 
on the prime divisors of m. 
In Section 2 the theory of index two simple groups is developed. The first 
major result here is that an index two simple group has exactly one conjugacy 
class of involutions. This result, class algebra coefficients and various tech- 
niques of ordinary and modular character theory are used to show that the 
order of an index two simple group is bounded as a function of the degree, n, 
of a nonidentity ordinary irreducible character in the principal p-block of 
the group. The bound thus obtained is much lower than bounds obtainable 
without the index two assumption. 
* This research was supported in part by a grant from the Research Foundation 
of the State University of New York. 
262 
Copyright 0 1974 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
INDEX TWO SIMPLE GROUPS 263 
In Section 3 the results of Section 2 are applied in various cases. In particular 
it is shown that if G is an index two simple group which has a nonidentity 
ordinary irreducible character in the principal p-block of degree less than or 
equal to 25, then G is isomorphic to one of the groups PSL(2,5), PSL(2,7), 
PSL(2, S), PSL(2,9), PSL(2, ll), PSL(2, 13) PSL(2, 16), PSL(5 23) or 
PSL(525). Here PSL(n, 4) denotes the projective special linear group of 
degree 1z over GF@), the field with 4 elements. 
1.2. Notation 
In general, upper case letters denote groups, and Sp is used to denote a 
Sylow p-subgroup. If A is a subgroup of a group G, then N(A), C(A), 
[G: A], 1 A 1 denote the normalizer of A in G, the centralizer of A in G, the 
index of A in G, and the order of A, respectively. 
The notation x, is used for a group element of order 1~. Then C(X,,) denotes 
the centralizer of the element x, in G. 
Upper case Greek letters denote characters and a character of degree m is 
denoted by xm. 
The notation a(~, , xi , xk) denotes the class algebra coefficient which is the 
number of ways each element of the conjugacy class of xle can be written 
as a product of an element of the class of xi and an element of the class of xj . 
2. INDEX Two SIMPLE GROUPS 
2.1. Preliminary Results 
In the sequel G is an index two simple group. Thus there is an odd prime p 
dividing 1 G ( to the first power only such that [N(Sp): Sp] = 2. 
Brauer’s work [4] yields the following information concerning B,(p), the 
principal p-block of G. 
Let x, be an element of order p and X~ be a p-regular element. Then B,(p) 
contains the identity character, 1, a character x and (p - 1)/2 characters 
cm), m = 1, 2 ,..., (p - 1)/2. 
;&J = 6 
Th ere are signs 6 = &l, 6’ = &l such that 
c x(~)(xJ = S’, m = 1,2 ,..., (p - 1)/2, x(l) = 6 (modp), 
x(“)(l) = -26’ (modp), m = 1, 2 ,..., (p - 1)/2, and 
1 + Sx(xJ + S’X’“‘(X*) = 0. (2.1) 
If x, = 1 in (2.1) we obtain the following relation between the degrees of 
the irreducible characters in B,(p), 
1 + Sx(l) + S’X’m’(1) = 0. P-2) 
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Since x(l), ~(~‘(1) are positive integral divisors of 1 G l/p, it must be the case 
that 6 = -iY. Thus (2.2) can be written in the form 
1+x=y, (2.3) 
where x andy are positive integral divisors of 1 G I/p. We call (2.3) the degree 
equation for B,(p). 
We next list several lemmas which are extremely useful in using the degree 
equation for B,,(p) to determine information about 1 G 1 and the structures of 
various subgroups of G. The first lemma follows from the work [8] of Brauer 
and Tuan and Lemma 3.1 of [l]. 
LEMMA 2.1. Let G be an index two simple group with degree equation 
qr = w & 1 for B,,(p) where q is a prime. Then qr is the full power of q dividing 
1 G ) and a character of degree qr vanishes on all q-singular elements of G. 
The following lemma is easily established using Eq. (2.1). 
LEMMA 2.2. Let G be an index two simple group with degree equation (2.3) 
for B,,(p). Let x, , x, be p-regular elements of G, and let x9 be an element of 
order p. Then the class algebra coeffiCient a(x, , x, , x,) satisfies 
a(xr x, , x > D ) = I G I [x - x&w - x&J1 I C(XT)l I C(xJl4x + 1) ’ (2.4) 
where xr is a character in B&J) of degree x. 
We are now prepared to show that an index two simple group has exactly 
one class of involutions. 
THEOREM 2.3. Let G be an index two simple group with degree equation 
(2.3) for B,(p). L e x2 be an involution in G, and let x9 be an element of order t 
p in G. Then 
Q(% , x2 9 x,) = P, (2.5) 
and G has exactly one conjugate class of involutions. 
Proof. Let u = xz(xz). The following equality is an immediate 
consequence of Eq. (2.4) 
If x, E N(Sp) then the work [6] of Brauer and Fowler implies that a(xz , x2, x,) 
is precisely the number of involutions in G which take x, to its inverse under 
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conjugation. Thus a(x s,~s,~P)=p if xa~A$S’p) and a(xs,x,,x,)=O 
if X, # N(Q). Furthermore, all elements X, , which normalize Sp subgroups 
are conjugate. It follows from Eq. (2.6) and the simplicity of G that 
a(xs , x2 , x,) # 0. Thus every involution normalizes an Sp. This completes 
the proof of Theorem 2.3. 
2.2. Bounds for 1 G 1 
Next we will find bounds for the prime powers dividing ) G ) as functions 
of the degree, X, of a nonidentity irreducible character in B,(p). 
LEMMA 2.4. Let G be an index two simple group with degree quation (2.3) 
for B,(p). Let q be a prime such that (q, 1 G I) = qa, (q, p) = 1, and (q, xy) = 1. 
Then 
(1) 4<x, 
(2) aiseven, 
(3) P/~/I C(xJl, where x2 is any inwolution in G, and 
(4) pa/2 - q@-1 < x, in particular PI2 < 2x. 
Proof. Let 1 G 1 = pm, (q, m) = 1, x, be an element of order q in C(S,J, 
x2 be an involution. Consideration of the class algebra coefficient a(x, , xp , x,) 
using (2.4) yields q/xr(xa) - x. Now since 
it follows that q < 2x. Suppose q = x + k, 0 < K < x. Then x5(x*) = --K. 
Since xx or xv is the nonidentity nonexceptional character in B,(p) and this 
nonexceptional character is a rational character, it follows from (2.1) that 
x2 is constant on the nonidentity elements of (x,), the subgroup of G generated 
by x, . Now since (xz I(x,), 1 (xc>) is a nonnegative integer, it must be the 
case that k = 0 or 1. This proves (1). 
Consideration of the class algebra coefficient a(x, , x2 , x,) using (2.5), 
(2.6), and Theorem 2.3 yields (2) and (3). 
Since a is even consideration of a(xa , x, , x,) yields q@ < 2x. Suppose 
q@ = x + 1, 0 6 I < x. Then as in the proof of l), xz(xJ = -Z. Then 
it follows that 
(x* I(%>, 1 <XQ>) = e2-l - 1. 
Statement (4) follows immediately, 
LEMMA 2.5. Let G be an index two simple group with degree quation (2.3) 
for B,(p). Let I be a prime such that r/xy, (Y, xy) = tC, (r, ) G I) = rb. Then 
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(1) r<x+-t, 
(2) b E c(mod 2), 
(3) r(b+c)/z/j C(x,)l, where x, is any involution in G, and 
(4) r(b+c)/2 - r(b+c)lz-l \( x, in particular r(b+c)/2 < 2x. 
Proof. Statement (1) is true since y = x + 1 and r/xy. Consideration of 
the class algebra coefficient a(xs , x2 , x,) using (2.5), (2.6), and Theorem 2.3 
yields (2) and (3). Statement (4) follows from an argument similar to the 
argument used to prove statement (4) of Lemma 2.4. 
THEOREM 2.6. Let G be an index two simple group with degree quation (2.3) 
for B,(p). Then 
(1) p<x+2and 
(2) [ G ( is bounded as a function of x. 
Proof. The relations above (2.1) imply thatp/x - 1 orp/x + 2. Statement 
(1) follows immediately. Statement (2) follows from (1) and Lemmas 2.4 
and 2.5. 
The following theorem due to Schur also gives a bound for / G 1 in terms 
of the degree of an irreducible character of G. The proof of this theorem 
appears in [14]. 
THEOREM 2.7. Suppose G has a faithful irreducible rational character of 
degree n. Let q be a prime. Then the highest power of q which can divide ) G 1 
is q8 where 
s = [gTl + [ 4(4 “_1) I + *-* +[ q”(q: 1)l- 
Since one of the nonidentity irreducible characters in B,(p) is rational, 
Theorem 2.7 with n = y yields a bound for ( G j. However Theorem 2.6 gives 
much better bounds for 1 G 1 than Theorem 2.7. For example when n = 25, 
Theorem 2.6 gives 
( G 1 < 29 3s 52 72 11s 13 17* 1g2 232, 
while Theorem 2.7 gives the larger bound 
/ G 1 < 249 31s 5’ 74 112 132 17 19 23. 
This example illustrates that Theorem 2.6 gives much better bounds on 
prime powers dividing ) G ( for small primes than does Theorem 2.7. Also 
Theorem 2.7 gives slightly better bounds on prime powers dividing ) G 1 
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for large primes. We next combine Theorems 2.6 and 2.7 to obtain a better 
bound for 1 G I. 
THEOREM 2.8. Suppose G is an index two simple group with degree quation 
(2.3) for UP). Let 4, r be primes such that (q, pxy) = 1, (q, 1 G I) = 4~, 
(r, xy = rc, (r, P) = 1, (r, I G I) = rb. Let x, be any involution in G. Then 
(I) q<x,r<x+ l,p<x+Z 
(II) a is even, b = c (mod 2), 
(III) q+/l C(x2)l, r(b+Vl CVJI, 
(IV) q@ - qa/Z-1 < x, r(b+c)/2 - r(b+C)/Z-1 < x, and 
(V) q d (x + W. 
Proof. Statements (+-o-(V) f 11 o ow from Theorem 2.6. statement (V) 
follows from statement (II) and Theorem 2.7. 
3. APPLICATIONS 
3.1 
Next we apply the results obtained in Section 2 to find all index two simple 
groups with degree equation (2.3) for B,@) where x < 25. We begin by 
stating two results which we will apply repeatedly in the sequel. The first 
result is due to Stanton and its proof appears in [15]. 
THEOREM 3.1. Let G be a simplegroup, andp aprime such that (p2 1 G I) = p 
Then if B,(p) contains an irreducible character of degree less than 2p, then 
C(Sp) = sp. 
The second result is due to Alperin, Brauer, and Gorenstein and appears 
as Theorem 4.2.7 of Feit’s survey [9]. 
THEOREM 3.2. Let G be a simple group. Let S, be a Sylow 2-subgroup of G. 
Assume that S, contains no elementary Abelian subgroup of order 8. Then G is 
isomorphic to one of the following groups: A, , PSL(2, q), PSL(3, q), PSU(3, q) 
with q odd or PSU(3,4). 
First of all, x = 1 is impossible since G is a simple group, and x = 2 is 
inconsistent with the relations above (2.1). 
LEMMA 3.3. Suppose G is an index two simple group with degree equation 
(2.3) for B,(P), then 
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(1) If x = 3 or 4, then G is isomorphic to PSL(2, 5). 
(2) It is not possible that x = 5 or 6. 
(3) If x = 7, then G is isomorphic to PSL(2, 7). 
(4) If x = 8, then G is isomorphic to PSL(2,9) or PSL(2, 8). 
(5) It is not possible that x = 9 or 10. 
(6) If x = 11, then G is isomorphic to PSL(2, 11). 
Proof. Statement (1) follows from the works of Blichfeldt [2] and Brauer 
[5]. Statement (2) is an immediate consequence of the works of Brauer [5] 
and Wales [ 171. Statement (3) follows from the work [17] of Wales. 
When x = 8, Lemma 2.1, the relations above (2.1), and Theorem 2.8 
imply that 1 G / = 23 32 5 or 23 32 7. Then Statement (4) follows from Lemma 
3.7 of [I]. 
When x = 9, Lemma 2.1, the relations above (2.1), and Theorem 2.8 
imply that ) G 1 = 2” 32 5 11, where a < 7 and odd. Now a contradiction is 
obtained from Lemma 3.7 of [l]. 
When x = 10, the relations above (2.1) and Theorem 2.8 imply that 1 G / = 
2” 3 5 11, where a < 7 and odd. Then Lemma 2.1 implies that a character 
of degree 10 is in B,(ll) whence Theorem 3.1 implies that C(S,,) = S,, . 
Next a count of S,, subgroups yields 1 G ) = 2s 3 5 11. Then consideration 
of the class algebra coefficients a(x2 , x2 , xs), a(x, , xg , xs) and a(xll , xl1 , x3) 
implies that the centralizers of the nonidentity elements of G are nilpotent; 
that is G is a CN-group. Then the work [16] of Suzuki classifying CN- 
groups leads to a contradiction. This proves (5). 
If x = 11, the relations above (2.1) imply that p = 13 or 5. When p = 13, 
Z&,(13) contains a character of degree less than 12; then Feit’s work [lo] 
implies that G is isomorphic to PSL(2,13). But PSL(2, 13) has no irreducible 
character of degree 11, and so we reach a contradiction. When p = 5, 
Theorem 2.8 implies that / G 1 = 2a 3b 5 7c 11, where a < 6 and even, 
b < 3 odd, and c < 2 and even. The relations above (2.1) imply that the 
character of degree 11 is rational since p = 5. Then Theorem 2.7 implies that 
c=O.AcountofS,subgroupSthenyields/GI =2235110r2433511.1n 
the first case the coefficient a(x2 , x2 , xs) yields ) C(x,)l = 29 3. Thus G is a 
group with Abelian S, subgroups such that the centralizer of every involution 
in G is solvable. Now Gorenstein [ll] implies that G is isomorphic to 
PSL(2, 11). When 1 G 1 = 24 33 5 11, Theorem 3.1 and a count of S,, 
subgroups yield a contradiction. This proves (6). 
It is an easy matter to verify that PSL(2,5), PSL(2,7), PSL(2,9), PSL(2,8) 
and PSL(2, 11) are index two simple groups. 
LEMMA 3.4. Suppose G is an index two simple group with degree equation 
(2.3) for K(P), thea 
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(1) If x = 12, then G is isomorphic to PSL(2, 13). 
(2) It is not possible that x = 13 or 14. 
(3) If x = 15, then G is isomorphic to PSL(2, 16). 
(4) It is not possible that x = 16, 17 or 18. 
Proof. When x = 12, Theorem 3.1 implies that C(S,,) = S,, . The 
relations above (2.1) imply that p = 11 or 7. 
If p = 11, Theorem 2.8 yields 1 G 1 = 2” 3b 5” 7d 11 13 where a < 6 and 
even, b < 3 and odd, c < 2 and even and d < 2 and even. If b = 1, then 
Lemma 2.1 applied to B,(3) n B,( 13) implies that B,(3) contains the five 
characters of degree 13, a contradiction. Now a count of S,, and S,, sub- 
groups yields 1 G 1 = 26 33 11 13. Now the coefficient u(+ , xs , xir) yields 
( C(x,)j = 26 3 and xrs(xJ = -4. Thus G has no elementary Abelian sub- 
group of order 8. Now Theorem 3.2 yields a contradiction. 
If p = 7, Theorem 2.8 yields / G 1 = 2” 3b 5” 7 13, where a < 6 and 
even, b < 3 and odd, and c < 2 and even. Now a count of S, and S,, sub- 
groups yields 1 G 1 = 22 3 7 13. The coefficient u(xZ , x2 , x,) yields 1 C(x,)l = 
22 3. Now the work [ll] of Gorenstein implies that G is isomorphic to 
PSL(2, 13). This proves (1). 
When x = 13, Theorem 3.1 implies that C(S,,) = S,, . Next the relations 
above (2.1) imply that p = 5 or 3. If p = 5, Theorem 2.8 and a count of 
S, and S,, subgroups yields ( G I = 25 5 7 13 and I N(S,,)I = 26. Then the 
relations above (2.1) withp = 13 imply that there is a character of degree 15 
in B,( 13). This is inconsistent with I G I. When p = 3, Theorems 3.1 and 
2.8 yield C(S,) = S, and I G I = 2” 3 5c 7 13, where a < 7 and odd and 
c < 2 and even. Then a count of S,, and S, subgroups utilizing Burnside’s 
Theorem, Theorem 14.3.1 of [13], yields a contradiction. 
When x = 14, the relations above (2.1) and Theorem 2.8 imply that 
p=13andIG\ =2”3b5713.Th en L emma 3.7 of [l] yields a contradic- 
tion. This proves (2). 
When x = 15, the relations above (2.1) imply that p = 7 or 17. If p = 7, 
Theorem 2.8 and Lemma 2.1 yield I G I = 24 3” 5 7. Then Lemma 3.6 of [l] 
yields a contradiction. When p = 17, the work [lo] of Feit implies that G is 
isomorphic to PSL(2, 16). This proves (3). 
When x = 16, Theorem 3.1 implies that C(S,,) = S,, and the relations 
above (2.1) imply that p = 5 or 3. If p = 5, Theorem 2.8 and Lemma 2.1 
yield 1 G I = 24 3” 5 7c 17, where u < 4 and even and c < 2 and even. 
Next a count of S, and S,, subgroups yields a contradiction. When p = 3, 
Theorem 2.8 and Lemma 2.1 yield I G I = 24 3 5b 7” 17, where b < 2 and 
even and c < 2 and even. Then a count of S,, subgroups yields I G ( = 
24 3 72 17 with I N(S,,)\ = 34. But then the relations above (2.1) with 
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p = 17 imply that G has an irreducible character of degree 15. This is not 
consistent with 1 G I. 
When x = 17, the relations above (2.1) imply that p = 19. Then the work 
[lo] of Feit implies G is isomorphic to PSL(2, 19). This is a contradiction 
since PSL(2, 19) has no irreducible character of degree 17. 
Finally when x = 18, Theorem 3.1 implies that C(S,,) = S,, . Then the 
relations above (2.1) and Theorem 2.8 imply that p = 17 or 5, j G / = 
2” 3b 5” 7d 17” 19, where a ,< 9 and odd, b ,< 4 and even, and d < 2 and 
even. Also when p = 17, c < 2 and even, and when p = 5, e = 0. If a = 9, 
xa is an involution in C(S,), the class algebra coefficient a(~~, xa , xP) implies 
that xra(x.J = -14. Then it is easy to see that G has no elementary Abelian 
subgroup of order 8. Thus Theorem 3.2 is inconsistent with ( G I. Thus 
a < 7 and odd. When p = 17, a count of S,, and S,, subgroups yields a 
contradiction. When p = 5, a count of S, and S,, subgroups yields 1 G 1 = 
25 34 5 72 19 with 1 N(S,,)I = 57. The class algebra coefficient a(xa , x, , x5), 
Eq. (2.1) and Theorem 3.2 imply that 1 C(x,)i = 25 3 7, x&x2) = 10, and 
xn,(x2) = 11. Then Lemma 2.1 applied to B,(5) n B,(19) and Brauer’s 
work [4] with p = 19 imply that there are six characters of degree 35 in 
B&19). Then if xa5 is a character of degree 35, xs5(xa) = 19. Thus 
1 x2(x2) > I C(x,)l, 
where the summation runs over all irreducible characters x of G. This is a 
contradiction. This proves (4). 
It is easy to verify that PSL(2, 13) and PSL(2, 16) are index two simple 
groups. 
LEMMA 3.5. Let G be an index two simple group with degree quation (2.3) 
for B,,(p). Then it is not possible that x = 19, 20, 21, or 22. 
Proof. When x = 19, Theorem 3.1 implies that C(S,,) = S,, , and the 
relations above (2.1) imply that p = 7 or 3. If p = 7, Theorem 2.8 implies 
that 1 G ) = 2” 3b 5 7 11” 19, where a < 8 and even, b < 6 and even, and 
c < 2 and even. If a = 8 and x2 is an involution, then Theorem 3.2 and the 
class algebra coefficient a(x2 , x2 , x,) yield a contradiction. Thus a < 6 
and even. 
A count of S, and S,, subgroup yields 1 G 1 = 26 34 5 7 19 and 
[N(S,,): S,,] = 9. Let xa E Z(Sa), x2 an involution. Then the coefficients 
4x3 , x3 , 4 and 4x2 , x2 , x,) and Eq. (2.1) yield 1 C(x,)1/3” 23, 1 C(xa)( = 
26 32, x1&x3) = 1, x%(x3) = 2, xre(x2) = 3, and x2&x2) = 4. Here xrs is any 
one of the three characters of degree 19 in B,,(7). Now Lemma 3.1 of [I] 
applied to B,(7) n B,,(5) yields that 1, and the three characters of degree 19 
are in B,(5). Then Brauer’s work [4] implies that 3 a character, x5a , of degree 
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56 in B,(5) and x~~(x~) = 8, xba(~s) = 2. It also follows from Brauer [4] 
that Ba(19) contains nine characters whose degrees are = &l(mod 19) and 
two characters whose common degree is = f9(mod 19). Clearly the only 
possibilities for the latter character degrees are 28, 560, 504, and 105. In the 
first three cases Ba(19) must contain a character of degree 189 or 1120. Also 
the character of degree 189 is in B,(3), and the character of degree 1120 is 
in B,,(2). Thus x&x3) = 27(mod 81) and ,Q~~~(xJ = 32(mod 64). These 
congruences are inconsistent with 1 C(X,)\, j C(x,) 1. Hence B,( 19) must contain 
two characters of common degree 105. A short calculation then yields that 
J&(19) consists of characters of degrees 1,20, 105, 105,210, and six characters 
of degree 56. Now Lemma 3.1 of [l] implies that B,(19) L B,(2), whence 
x&x2) z 8(mod 16) for each character of degree 56. Since 1 C(x,)l = 2‘j 32, 
xss(xz) = -+8 for each character, xsa , of degree 56. Now the coefficient 
u(xa , X, , xra) implies that 
c x2(x2) > I C(x2)L 
a contradiction. 
Whenp = 3, Theorems 2.7, 2.8, and 3.2 yield 1 G 1 = 2” 2 5 7d 19 where 
a < 6 and even, d < 2 and even. Then a count of S,, subgroups yields 
/ G I = 22 3 5 19. Now the work [ll] of Gorenstein yields a contradiction. 
Thus there are no index two simple groups with x = 19. 
When x = 20, the relations above (2.1) imply that p = 19 or 11. When 
p = 19, Theorems 2.8 and 3.2 and the coefficient a(~~, X, , xrs) yield j G j = 
2” 3b 5” 7 11” 19 where a < 6 and even, b < 5 and odd, c < 3 and odd, and 
e < 2 and even. A count of S,, subgroups then yields I G ( = 22 3 5 7 19 or 
22 35 53 7 112 19. In each case Theorem 3.2 yields a contradiction. 
When p = 11, Th eorems 2.8 and 3.2 and the coefficient cz(x2 , x2 , xn) 
yieldlG\ =2a3b5C711wherea<6andeven,b<5andodd,andcf3 
and odd. A count of S,, subgroups yields 1 G 1 = 22 3 5 7 11, 22 36 53 7 11, 
24 3 53 7 1 I, or 2s 33 5 7 11. Theorem 3.2 eliminates the first two orders. 
When 1 G 1 = 24 3 53 7 11, Lemma 3.1 of [l] applied to B,(ll) n B,(3) 
implies that 1 and the five characters of degree 20 are in B,(3), a contradiction. 
Finally, when I G 1 = 26 33 5 7 11, Lemma 3.1 of [l] applied to B,( 11) n B,(7) 
implies that 1 and the five characters of degree 20 are in B,(7). Then Brauer’s 
work [4] implies that 3 a character, xaa , of degree 99 in B,(7). The coefficient 
a(.~~, x2 , xlJ yields 1 C(X,)\ = 192, x2r(x2) = 5, and xs0(x2) = 4 for each 
character xzO of degree 20. It follows that x&x~) = 19. Now~x~(x~) > 1 C(x2)1, 
a contradiction. 
When x = 21, the relations above (2.1) imply that p = 23 or 5. When 
p = 23, Feit’s work [lo] implies that G is isomorphic to PSL(2,23). But 
PSL(2,23) has no character of degree 21, and so we reach a contradiction. 
When p = 5, Theorems 2.8 and 3.2 and the coefficient a(x2, x2, XJ yield 
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j G / = 2a 3b 5 7 11 where a < 7 and odd and b ,( 5 and odd. Also Theorem 
3.1 implies that C(S,,) = S,, . Next a count of S, and S,, subgroups yields 
( G 1 = 25 3 5 7 11. Now Lemma 3.1 of [I] applied to B,(5) n B,(3) implies 
that 1 and the two characters of degree 22 are in B,(3), a contradiction. 
If x = 22, the relations above (2.1) imply that p = 7 or 3. When p = 7, 
Theorems 2.8 and 3.1 and the coefficient a(xs , xs , x,) yield 1 G / = 2” 3b 5” 
7 11 23 where a < 7 and odd, b < 6 and even and c < 4 and even. Now 
Theorem 3.1 implies that C(S,,) = S,, . Next a count of S, and S,, subgroups 
yields ( G ( = 23 36 54 7 11 23, and [N(S,,): Sss] = 2. Now Lemma 3.1 
of [l] applied to B,,(23) n B,(7) implies that 1 and xss are in Ba(23). But then 
Eq. (2.2) and the relations above (2.1) withp = 23 imply that Z&(23) contains 
11 characters of degree 21. Then application of Lemma 3.1 of [l] to B,( 11) n 
Ba(23) implies that 1 and the 11 characters of degree 21 are in B,,(l l), a 
contradiction. 
When p = 3, Theorems 2.8 and 3.2 and the coefficient a(xs , xs , xs) 
yield 1 G j = 2” 3 5c 7& 11 23 where a < 7 and odd, c < 4 and even, and 
d < 2 and even. Next a count of S,, and S,, subgroups, and the coefficients 
a(xa , xp , ~a), a(~~ , xs , xs) and 0(x, , x, , xs) yield 1 G 1 = 23 3 11 23 or 
25 3 52 72 11 23. When / G ) = 23 3 1123, [N(S,,): S,,] = 2. Now Lemma 
3.1 of [l] applied to B,(ll) n B,(3) implies that 1, xss E B,(ll). Then the 
relations above (2.1) with p = 11 imply that 3 five characters of degree 24 in 
Z&(11). Furthermore Eq. (2.1) yields x2a(x.J = -1 since x&x,) = 0. Now 
the coefficient a(xs , x2 , x ) implies that ( C(xs)l = 23 3 whence C(S,) # S, , rr 
a contradiction. When 1 G 1 = 25 3 9 72 11 23, the coefficients a(x2 , x2 , x3) 
and a(xs , xs , x3) yield 1 C(x,)l = 25 5 7, x2s(xs) = 14 and 1 C(X,)//~~ 52 7. 
Thus 3 an element, xs , of order 5 in C(x,) such that 7 I C(x,)[. Let x, be an 
element of order 7 in C(x,). A count of S, subgroups in C(X,) yields 5”/] C(x,)I. 
Then the coefficient a(x, , x, , x3) implies that xz2(x,) = -13 whence 
(1(x,), xz2 1 (xr)) = -8, a contradiction. This completes the proof of 
Lemma 3.5. 
LEMMA 3.6. Let G be an index two simple group with degree quation (2.3). 
Then 
(1) If x = 23, then G is isomorphic to PSL(2,23). 
(2) If x = 24 or 25, then G is isomorphic to PSL(2,25). 
Proof. When x = 23, the relations above (2.1) imply that p = 11 or 5. 
Also Theorem 3.1 implies that C(S,,) = Ss, . When p = 11, Theorems 2.7, 
2.8, and 3.2 and the coefficient a(xa , xs , err) yield ) G 1 = 2’ 3b 5c 7d 11 23, 
where a < 5 and odd, b < 5 and odd, c < 4 and even, and d < 2 and even. 
A count of S,, and S’s, subgroups yields ] G ) = 23 3 11 23 or 2s 35 5s 11 23. 
In the former case, the coefficient a(xs , x2 , xrr) implies that C(xs) is solvable 
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and then the works [7], [ll], and [12] imply that G is isomorphic to PSL(2,23). 
In the latter case, the works [I, [ll], and [12] yield a contradiction. 
When p = 5, Theorems 2.8 and 3.2 and the coefficient a(xa , x2, x6) 
yield 1 G ) = 2” 3b 5 7* 11” 13f 23, where a < 5 and odd, b < 5 and odd, 
d < 2 and even, e < 2 and even, and f < 2 and even. Now a count of S, 
and S, subgroups implies that 1 G 1 = 26 33 5 112 23 or 25 33 5 7a 112 132 23. 
When 1 G ( = 25 33 5 112 23, xii E S,, , the coefficients a(x2 , x2 , x5) and 
4x11 3 x ii , x5) imply that S,, a C(S,,). It follows that S,, is a trivial inter- 
section, T.I., set, whence the number of S,, subgroups is congruent to 1 
modulo 1 12. This congruence is incompatible with 1 G I. When j G j = 
25 33 5 72 1 l2 132 23, the coefficient a(x 2 , x2 , x5) yields 1 C(x2)l = 25 3 7 11 13. 
Let xi3 be an element of order 13 in C(x2). The coefficients a(x2 , x2 , x5), 
+h > x11 9 %)> 4x13 9 x13 9 x6) yield S,, a C(X,~), whence S,, is a T.I. set. 
Thus the number of Si3)s in G is congruent to 1 modulo 132. Now the coef- 
ficient u(xll , xl1 , xr,) and a count of S,, subgroups yield 1 iV(S,,)j = 132. 
Then Burnside’s theorem implies that G has a normal 13 complement, 
contradicting the simplicity of G. This proves (1). 
When x = 24, the relations above (2.1) imply that p = 23 or 13. When 
p = 23, Theorems 2.1, 2.8, and 3.2 and the coefficient a(x2, x2 , x23) yield 
I G 1 = 2” 3b 5” 7” lid 13” 23, where a < 5 and odd, b < 5 and odd, c < 2 
and even, d < 2 and even and e < 2 and even. A count of S,, subgroups 
yields 
1 G / = 23 3 52 23, 23 3 52 72 132 23, 25 3 52 112 23, 
25 3 52 72 112 132 23, 23 33 52 72 112 23, or 23 36 52 112 132 23. 
In the first four cases, Lemma 3.1 of [l] implies that the identity character 
1, and the 11 characters of degree 25 are in B,(3), which is absurd. In the 
last two cases, the works [7], [ll] and [12] imply that G is isomorphic to a 
psw9 !I),4 9 Ill or a group of Ree type. This is inconsistent with the orders. 
Whenp = 13, Theorems 2.1, 2.8, and 3.2 and a(~, , x2, xi3) yield I G 1 = 
2” 3b 5s 7c lid 13, where a < 5 and odd, b < 5 and odd, c < 2 and even, 
and d < 2 and even. Here a count of S,, subgroups yields I G I = 23 3 52 13, 
23 3 52 72 112 13, 25 3 52 72 13, or 25 33 52 112 13. In the first case the works 
[7], [ll], and [12] imply that G is isomorphic to PSL(2,25), and in the second 
case these works lead to a contradiction. When 1 G I = 25 3 52 72 13, 
a(x2 , x2 , xi3) and (2.1) yield I C(x,)( = 224, x2s(x2) = 9, and x&x2) = 8 for 
each of the six characters xza of degree 24 in B,( 13). Now Cx2(x2) > ) C(x2)l, a 
contradiction. Finally when ( G I = 25 33 52 112 13, x6 E S, , the coefficient 
u(xs , xs , xr3) yields S, a C&J, whence as above the number of S, sub- 
groups in G is congruent to 1 modulo 52. Thus 1 N(S,)l = 23 32 52 whence 3 
an element y3 of order 3 in N(S,) such that 52/j C(y3)(. Now the coefficient 
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a& , ys , xis) yields a contradiction. Thus when x = 24, G is isomorphic to 
PSL(2, 25). 
When x = 25, the relations above (2.1) imply that p = 3. Then Theorems 
2.1,2.8, and 3.2 and the coefficient a(xs , x, , xs) yield 1 G / = 2” 3 52 7b 11” 13 
where a < 7 and odd, b < 2 and even and c < 2 and even. Also Theorem 3.1 
implies that C(S,,) = S,, . Now a count of S,, subgroups yields 
1 G 1 = 2 3 52 112 13, 23 3 52 13, 23 3 52 72 112 13, 2’ 3 52 13, 
25 3 52 72 13, 25 3 52 112 13, or 2’ 3 52 72 112 13. 
The first group order is impossible since G cannot have a cyclic S, subgroup. 
In the second case the works [7], [ll], and [12] imply that G is isomorphic 
to PSL(2, 25), and in the third case these works yield a contradiction. In the 
fourth, fifth and sixth cases the coefficient a(x2 , x2 , x3) and (2.1) imply that 
Cx"(x2) > I Cb2)l, a contradiction. Finally when 1 G ( = 2’ 3 .52 7s 1 l2 13, 
the coefficients 4x2 , x2 , x3), 4x5 , x5 , x3), 4x7 , x7 , x3), 4xll , xl1 , x3) 
imply that 1 C(x,)i = 52. Thus S, 9 C(x,), whence the number of S, sub- 
groups in G is congruent to 1 modulo 52. Now a count of S’s subgroups yields 
a contradiction. This proves (2). 
It is an easy matter to verify that PSL(2,23) and PSL(2,25) are index two 
simple groups. Thus Lemma 3.6 is proved. 
The following theorem is an immediate consequence of Lemmas 3.3-3.6. 
THEOREM 3.7. Let G be a j-kite simple group, p be a prime such that 
(G, p2) =p, [IV(+): Sp] = 2, the degree equation for B,(p) is 1 + x =y. 
If x < 25, then G is isomorphic to one of the groups PSL(2, q), where q = 5, 7, 
8, 9, 11, 13, 16,23, or 25. 
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